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PARTITION FUNCTION OF THE BOSE–EINSTEIN CONDENSED
DARK MATTER AND THE MODIFIED GROSS–PITAEVSKII EQUATION
A.V. Nazarenko∗
Bogolyubov Institute for Theoretical Physics of NAS of Ukraine,
14b, Metrolohichna str., Kyiv 03143, Ukraine
Intending to describe the dark matter of dwarf galaxies, we concentrate on one model of the slowly
rotating and gravitating Bose–Einstein condensate. For a deeper understanding of its properties, we
calculate the partition function and compare the characteristics derived from it with the results based
on the solution of Gross–Pitaevskii equation. In our approach, which uses the Green’s functions
of spatial evolution operators, we formulate in a unified way the boundary conditions, important
for applying the Thomas–Fermi approximation. Taking this into account, we revise some of the
results obtained earlier. We also derive the spatial particle distribution, similar to the model with
rotation, by using the deformation of commutation relations for a macroscopic wave function and
modifying the Gross–Pitaevskii equation. It is shown that such an approach leads to the entropy
inhomogeneity and makes the distribution dependent on temperature.
PACS numbers: 95.35.+d, 67.85.Bc, 03.75.Hh
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I. INTRODUCTION
Among the famous and developed models of dark mat-
ter (DM), we decided to focus on the Bose–Einstein con-
densate (BEC) DM, which is formulated on the basis
of the non-relativistic Gross–Pitaevskii equation (GPE)
and, as can be seen from the recent works [1–3], well
describes the observed rotation curves of dwarf galax-
ies. Here we omit the history of this idea, the diverse
argumentation of which has already been given by its
authors [1, 4], as well as its direct astronomical applica-
tions.
The advantage of this model is related to the clear
role of leading physical phenomena, which are taken into
account when using mathematical simplifications, which
engage also the Thomas–Fermi approximation. Basically,
the behavior of the system is determined by Newtonian
gravitational attraction and repulsive scattering. Study-
ing stationary solutions of the hydrodynamic type due
to the Madelung representation for the condensate wave
function, the Chandrasekhar’s results [5] are applied.
Nevertheless, the conditions for their application requires
a detailed consideration, as a consequence of which the
conclusions are made [6]. First of all, the analysis made
indicates the polytropic index equal to n = 1 for the
equation of state that determines the dependence of pres-
sure on density. The influence of thermal fluctuations has
also been established [7, 8].
Inspired by outcomes of the BEC DM model, we would
like to get here a consistent description of it, using differ-
ent theoretical approaches. We consider it new to obtain
the mean macroscopic characteristics from the computed
partition function, which should coincide with the results
based on the solution of GPE. However, we do not ini-
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tially impose the geometric constraints that are used in
differential calculus. It is admitted that our generaliza-
tion will affect the determination of the size of boson sys-
tem described in the Thomas–Fermi approximation [2, 4].
Since the global rotation of DM has not yet received a
final explanation (and is often associated with processes
at an early stage of the Universe evolution [2]), we try
to reproduce the effects caused by it in a different way.
More specifically, we propose to relate these effects with
the (statistical) properties of DM particles at finite tem-
perature. For this, we only assume that the correlation
length is much larger than interparticle distance, that is
ensured by a little particle mass. Thus, exploiting the
BEC DM model, we are able to extract the parameters
of DM particles from macroscopic characteristics, if the
particle distribution, taking into account a slow rotation,
describes satisfactorily the observables. In practice, we
will deform the commutation relations for the conden-
sate wave function, that is equivalent to changing the
integration measure in the partition function. Using the
connection between the two computational approaches
(based on the partition function and GPE), we intend
to obtain a modified Gross–Pitaevskii equation. In fact,
temperature would replace the centrifugal energy in the
expressions used. It does not contradict the BEC con-
cept if the temperature is still sufficiently low. However,
an entropy inhomogeneity in space is expected to be an
important consequence of such a deformation: it should
reach a minimum value in regions with a high particle
density and a maximum in a rarefied medium. It is in
contrast to the model with rotation, where the entropy
is zero everywhere.
On the other hand, we get the opportunity to study
the consequences of deformation as a functional of par-
ticle density given in the coordinate representation. We
consider this nontrivial because deformations in the mo-
mentum representation are usually performed [9, 10].
The present paper is organized as follows. In the next
2Section we develop the partition function formalism for
the gravitating BEC with rigid rotation and compare the
macroscopic characteristics, obtained by using the GPE
solution and thermodynamics. In Section III we deform
appropriately the commutation relations for wave func-
tion and analyze the solution of modified GPE. We end
the paper with the discussion.
II. THE PARTITION FUNCTION OF
GRAVITATING BOSE–EINSTEIN CONDENSATE
Let us consider the partition function Z of the bosons
with mass m, described by the wave-function ψ(r) and
slowly rotating with a cyclic frequency ω in Cartesian
(xy)-plane at a given temperature T = β−1 and chemical
potential µ:
Z = C
∫
DψDψ∗J [ψ, ψ∗] exp (−β Γω[ψ, ψ∗]), (1)
Γω[ψ, ψ
∗] ≡ E[ψ, ψ∗]−
∫
ν(r) ρ(r)dr, (2)
ν(r) ≡ µ+ mω
2
2
(x2 + y2), (3)
where C is a normalization, and the particle density
ρ(r) = |ψ(r)|2 ≥ 0 defines the total particle number:
N [ρ] =
∫
dr ρ(r). (4)
The Jacobian J [ψ, ψ∗] = Det ‖{ψ(r1), ψ∗(r2)}‖ defines
geometrically the integration measure in the general case
and can be expressed in the terms of Poisson brackets [15]
for the function ψ(r) and its complex conjugate ψ∗(r):
{ψ(r1), ψ(r2)} = {ψ∗(r1), ψ∗(r2)} = 0,
{ψ(r1), ψ∗(r2)} = −iδ3(r1 − r2). (5)
We examine (1) for the boson cloud model, repre-
sented geometrically by the ball B = {r ∈ R3| |r| ≤ R},
Vol(B) = 4piR3/3, and given by the energy functional
in the Thomas–Fermi approximation (when the kinetic
energy term is neglected):
E[ψ, ψ∗] =
U
2
∫
B
dr ρ(r)
(
1 + κ2∆−1
)
ρ(r). (6)
Here, U = 4pi~2a/m and κ2 = 4piGm2/U are the model
parameters, including the gravitational constant G and
the scattering length a; ∆−1 is an inverse Laplace oper-
ator such that ∆∆−1 = ∆−1∆ = 1.
Determining the path integral Z, we use the Madelung
transformation:
ψ =
√
ρ eiφ, ρ ∈ [0; +∞), φ ∈ [0; 2pi). (7)
Since the measure J DψDψ∗ ∼ ∏{r∈B} dρ(r) dφ(r), we
define the normalization constant C such that
Z = Z−1vac
∫
Dρ exp (−β Γω[ψ, ψ∗]), (8)
Zvac =
∫
Dρ exp (−βE[ψ, ψ∗]). (9)
Thus the partition function is normalized by means of
its vacuum value Zvac in order to be Z(ν = 0) = 1. Our
choice guarantees the elimination of purely fluctuating
degrees of freedom, which are not fixed by the chemical
potential.
For a system within the ball B, naturally described in
spherical coordinates (r,Ω) (where Ω = (θ, ϕ) represents
a point on the unit sphere), one has
∆ =
1
r
∂2
∂r2
r +
1
r2
∆Ω, (10)
∆Ω =
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
sin2 θ
∂2
∂ϕ2
, (11)
δ3(r− r′) = 1
r r′ sin θ
δ(r − r′) δ(θ − θ′) δ(ϕ− ϕ′).(12)
Hereafter, we use the set of real orthonormal functions
{Φnlm(r,Ω)|n ∈ N; l = 0, 1, . . . ; −l ≤ m ≤ l} [11, 12]:
Φnlm(r,Ω) =
√
2
R3
Nln jl
(
aln
r
R
)
ylm(Ω), (13)
Nln =
aln√
a2ln + hl(hl − 1)− l(l+ 1) jl(aln)
, (14)∫
B
Φnlm(r,Ω)Φn′l′m′(r,Ω)dr = δn,n′ δl,l′ δm,m′ , (15)
dr = r2 dr dΩ = r2 sin θ dr dθ dϕ,
which is the solution to the problem:
∆Φnlm = −
(aln
R
)2
Φnlm, (16)
(r∂rΦnlm(r,Ω) + hl Φnlm(r,Ω))|r=R = 0, (17)
solved in terms of the spherical Bessel functions,
jl(z) = z
l
(
−1
z
d
dz
)l
sin z
z
, (18)
yl(z) = −zl
(
−1
z
d
dz
)l
cos z
z
, (19)
and the orthonormal real spherical harmonics,
ylm(Ω) =

√
2Kml P
m
l (cos θ) cos (mϕ), m > 0
K0l Pl(cos θ), m = 0√
2Kml P
|m|
l (cos θ) sin (|m|ϕ), m < 0
Kml =
√
2l+ 1
4pi
(l − |m|)!
(l + |m|)! . (20)
Here, Pml (z) is the Legendre polynomial.
3The set of {aln}, depended on hl, determines the sys-
tem spectrum, where each number aln is the nth positive
solution of equation:
alnj
′
l(aln) + hl jl(aln) = 0, 0 < al 1 < al 2 < . . . . (21)
Actually, using this relation at finite hl, we take a pos-
sibility to express the derivative j′l through jl when the
mixed boundary conditions are imposed.
Note that the conditions (17), (21) appear due to the
physical necessity of continuation of an attraction poten-
tial (including a rotational one) beyond the ball B. At
r ≥ R the potential should be of the form [5]:
Vout(r) = c−1 +
∞∑
l=0
cl
(
R
r
)l+1
Pl(cos θ), (22)
∆Vout(r) = 0, r ≥ R,
cl are constants. Combining two boundary conditions,
Vin(r)|r=R = Vout(r)|r=R,
∂rVin(r)|r=R = ∂rVout(r)|r=R, (23)
we are able to determine hl (see below).
Setting ω = 0, the size Rκ = pi/κ of bosonic cloud
arises as the result of competition between repulsion,
associated with potential U , and attraction, caused by
gravity. The case of R < Rκ, fulfilling the condition of
ρ(r) positivity, reflects some geometrical constraint, im-
posed on R. However, a model with independent R looks
more general.
Exploiting the completeness of {Φnlm(r,Ω)}, we write
δ3(r− r′) =
∑
n,l,m
Φnlm(r,Ω)Φnlm(r
′,Ω′), (24)
ρ(r) =
1√
V
∑
n,l,m
ξnlm Φnlm(r,Ω), (25)
where ξnlm are new dimensionless variables.
Solution to the general problem in the ball B,
∆ + p2
∆+ q2
Gp,q(r|r′) = δ3(r − r′), (26)
Gp,q(r|r′)||r|=0 <∞, (27)
can be found in the form:
Gp,q(r|r′) = δ3(r− r′) + (q2 − p2) gp(r|r′), (28)
(∆ + p2) gp(r|r′) = δ3(r− r′), (29)
gp(r|r′) =
∑
n,l,m
Φnlm(r,Ω)Φnlm(r
′,Ω′)
p2 − (aln/R)2 . (30)
Performing summation over {aln} accordingly to [12],
the Green’s function gp(r|r′) of Helmholtz operator is
presented as
gp(r|r′) =
∑
l,m
gp (l)(r|r′) ylm(Ω) ylm(Ω′), (31)
gp (l)(r|r′) = p jl(p r<) [yl(p r>)− jl(p r>)Hl(pR)] , (32)
Hl(z) =
zy′l(z) + hlyl(z)
zj′l(z) + hljl(z)
,
r< = min(r, r
′), r> = max(r, r
′).
The introduced notions allow us to formally obtain al-
gebraic expressions for the integrals:
E[ψ, ψ∗] =
U
2
∫
B
dr
∫
B
dr′ρ(r)G0,κ(r|r′) ρ(r′)
=
U
2V
∑
n,l,m
[
1−
(
κR
aln
)2]
(ξnlm)
2, (33)
N [ρ] =
√
6h0
∞∑
n=1
ξn 0 0
a0n
√
a20n + h0(h0 − 1)
. (34)
The Gaussian integral calculation requires the positivity
of all terms of E, that is realized under condition κR <
min aln. Since R = Rκ within the basic model without
rotation [1], we strongly demand pi < min aln. We will
use this criterion by choosing hl (and {aln}).
One also finds
1
R2
∫
B
r2 (1− P2(cos θ)) ρ(r)dr =
=
∞∑
n=1
√
6 ξn 0 0
a0n
√
a20n + h0(h0 − 1)
(
2 + h0 − 6h0
a20n
)
−
−
√
6
5
∞∑
n=1
(h2 + 2) ξn 2 0
a2n
√
a22n + h2(h2 − 1)− 6
, (35)
where (A1), (A2) are used.
Evaluating the Jacobian of transformation ρ(r) 7→
ξnlm as√
det
∥∥∥∥V ∫
B
∂ρ(r)
∂ξnlm
∂ρ(r)
∂ξn′l′m′
dr
∥∥∥∥ = 1, (36)
one has an equivalence of the path integration measures:∫
Dρ =
∏
n,l,m
∫ ∞
−∞
dξnlm, (37)
Integration over the variables {ξnlm|n = 1, 2, . . . ; l =
0, 1, 2, . . . ; −l ≤ m ≤ l} results in
Z = Z0Z2, (38)
Zl = exp
(
∞∑
n=1
Fnl
)
, l = 0, 2; (39)
while Zvac ∼ D−1/2(x, q), where
D(x, q) =
∞∏
n=1
∞∏
l=0
[
q
(
1− x
2
a2ln
)]2l+1
(40)
4is the Fredholm determinant Det
∥∥q(1 + κ2∆−1)∥∥ for op-
erator, defined in the ball B; x = κR and q = βU/V .
The partition functions Z0 and Z2 are determined by
Fn0 =
V β/(3U)
a20n − x2
[
3h0µ+mω
2R2
(
2 + h0 − 6h0a2
0n
)]2
a20n + h0(h0 − 1)
, (41)
Fn2 =
V β/(15U)
a22n − x2
m2ω4R4(h2 + 2)
2
a22n + h2(h2 − 1)− 6
. (42)
We immediately see that the functions Fnl have a reso-
nance property with respect to parameter x = κR.
Further, let us define the grand thermodynamic poten-
tial Ωω(T, V, µ) = −T
∑∞
n=1(Fn0 + Fn2) such that
−Ωω
V
=
µ2
2U
A1(x, h0) + µvA2(x, h0) +
+U
v2
2
[A3(x, h0) +B(x, h2)]; (43)
v =
ω2
2piGm
. (44)
Performing a formal summation over {aln} by the rules
from [12], the functions Ai(x, h0) and B(x, h2) become
A1(x, h0) =
3h0j1(x)
x[xj′0(x) + h0j0(x)]
, (45)
A2(x, h0) = 1 +
x2(2 + h0)− 6h0
2x[xj′0(x) + h0j0(x)]
j1(x), (46)
A3(x, h0) =
[x2(2 + h0)− 6h0]2
12h0x[xj′0(x) + h0j0(x)]
j1(x) +
+x2
4h0 + 5
15h0
− 1, (47)
B(x, h2) =
2 + h2
60
x2
[
(2 + h2) j2(x)
xj′2(x) + h2j2(x)
− 1
]
. (48)
In practice, the auxiliary formulas (A3)–(A5) are used.
Using the potential Ωω(T, V, µ), the mean number of
particles N = V ρ¯, mean energy E and the pressure P are
found
ρ¯ =
µ
U
A1 + vA2, (49)
E
V
=
µ2
2U
A1 − U v
2
2
(A3 +B), (50)
P =
µ2
2U
A1 + µvA2 + U
v2
2
(A3 +B)
=
U
2A1
[
ρ¯2 + v2
(
A1A3 −A22 +A1B
)]
. (51)
The total entropy, S ≡ −∂TΩω = 0, vanishes here. We
see that the ellipsoidal form of the cloud results in con-
tributions to E and P , represented by B(x, h2).
In the absence of rotation (ω = v = 0), the sign of
these functions is mainly determined by A1 at x = pi:
A1(pi, h0) = −3h0
pi2
, A2(pi, h0) =
3h0
pi2
− h0
2
,
A3(pi, h0) = −3h0
pi2
+ 1 + h0 − pi2
(
h0
12
+
1
15
)
,
B(pi, h2) =
2 + h2
60
15pi2 − pi4
pi2 − 9 + 3h2 . (52)
To obey E > 0 and P > 0 (the sign of N depends also
on sign(µ)), we should require h0 < 0. Indeed, putting
h0 = −1, we find that a0 1 ≈ 4.27479 > pi. At the same
time, a0 1 = pi/2 for h0 = 1 that leads to the divergence
of Gaussian integral Z, and negative E < 0, P < 0.
Note that the factor A1 = 3/pi
2 is already appeared in
[1] on the base of differential calculus. Let us announce
immediately that h2 = 3 to give a2 1 ≈ 4.4934. This is
shown in [2, 5] and is reproduced below.
Thus the chemical potential turns out to be µ > 0, and
the central density of non-rotating cloud equals to µ/U .
To find µ at T = 0 and x = pi, we invert the formula for
N . One has
µ = G
m2N
Rκ
+ Uv
(
pi2
6
− 1
)
, Rκ =
pi
κ
. (53)
This is a work of attraction forces by transferring particle
from infinitely distanced region to the cloud boundary.
On the other hand, extremizing the functional
Γω[ψ, ψ
∗] with the use of the Poisson brackets (5),
{ψ(r),Γω[ψ, ψ∗]} = 0, (54)
one obtains the stationary Gross–Pitaevskii equation for
finding a condensate density ρ0 at T = 0:
U
(
1 + κ2∆−1
)
ρ0 = µ+
mω2r2
3
(1− P2(cos θ)) . (55)
Its solution is given by the integral:
ρ0(r, θ) = U
−1
∫
B
Gκ,0(r|r′) ν(r′) dr′
= v + (ρc − v)j0(κr) −
−v
6
x2 (2 + h2)
xj′2(x) + h2j2(x)
j2(κr)P2(cos θ); (56)
ρc = v +
h0
[
µ/U − v + v x2 (2 + h0)/(6h0)
]
xj′0(x) + h0j0(x)
, (57)
where the central density, ρc = ρ0(0, θ), depends on x.
Switching off the gravity, x = κ = 0, and rotation,
v = ω = 0, one has a homogeneous distribution ρ0(r) =
(µ/U) θ(R− r) limited by the boundary.
Integrating ρ0(r, θ) over the ball B, we obtain the num-
ber of particles N [ρ0] which coincides with (49). More-
over, the correspondence between the partition function
and the solution to Gross–Pitaevskii equation consists in
the relation:
−2Ωω =
∫
B
ν(r)ρ0(r, θ)dr. (58)
5Following (28), we find the effective potential:
Vin(r, θ) = U
−1
∫
B
gκ(r|r′) ν(r′) dr′
= − v
κ2
+
µ
κ2U
[
1− h0j0(κr)
xj′0(x) + h0j0(x)
]
+
v
6κ2
x2 (2 + h2)
xj′2(x) + h2j2(x)
j2(κr)P2(cos θ)
+v
r2
6
[1− P2(cos θ)]− v
6κ2
x2(2 + h0)− 6h0
xj′0(x) + h0j0(x)
j0(κr), (59)
which satisfies the equation inside the ball B:
∆Vin = ρ0, r ≤ R. (60)
We would like also to note the relationship between Vin,
ρ0 and the chemical potential ν(r):
ρ0(r, θ) = U
−1 ν(r) − κ2 Vin(r, θ). (61)
To determine parameters h0 and h2, we focus on con-
nection between the potentials Vin and Vout from (22) by
means of the boundary conditions (23). It is clear that
c−1, c0 and c2 are supposed to be non-vanishing while
the others are dropped out.
Since the potentials relation should hold for any ad-
missible x, we fix x = pi for the sake of simplicity. Using
the central density ρc as independent variable instead of
chemical potential µ, we arrive at
Vin(r, θ) = − ρc
κ2
[
1
h0
+ j0(κr)
]
+ v
r2
6
[1− P2(cos θ)] +
+
v
κ2
j0(κr) − v
κ2
2 + h0
6h0
(
pi2 − 6h0
2 + h0
)
+
+
v
κ2
pi4
6
2 + h2
pi2 − 9 + 3h2 j2(κr)P2(cos θ). (62)
Let us first relate the terms with P2(cos θ). We obtain
a pair of equations:
c2 = − v
κ2
pi2
6
{
1− 6 + 3h2
pi2 − 9 + 3h2
}
,
−3c2 = − v
κ2
pi2
6
{
2− (2 + h2)(pi
2 − 9)
pi2 − 9 + 3h2
}
. (63)
Solving, we derive that h2 = 3 as it must be [5].
Substituting h2 = 3 and h0 = 1 into Vin, we reproduce
(up to multiplier 4piG) the effective potential from [2]. It
results also in c−1 = 0.
However, we have already noted above that the substi-
tution h0 = 1 leads to the invalid Gauss integral Z and
the negative thermodynamic functions like E and P . A
possibility of replacement of h0 = 1 with h0 = −1 can
be justified by uncertainty of three coefficients c−1, c0
and h0 under two (boundary) conditions imposed on the
terms with r−1 and r0.
Performing the physical analysis of the solution, we set
h2 = 3 and h0 = −1. It immediately limits the value of
the parameter x < a0 1 ≈ 4.275.
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FIG. 1: The averaged particle distribution (64) (dashed lines)
and tangential velocity (66) (solid lines) as the dimensionless
functions of radial distance r/Rκ at different η. Black lines
correspond to η = 0 (without rotation), while the red ones
are for η = 0.22.
Averaging distribution ρ0(r, θ) over the angles,
ρ˜0(r) = 〈ρ0(r, θ)〉 = ρc[η + (1− η) j0(κr)], (64)
we find the mass profile m(r) and the tangential velocity
of a probe particle υtan(r):
m(r) = 4pim
∫ r
0
ρ˜0(r∗) r
2
∗dr∗
=
4pimρcr
3
3
[
1 + (1− η) 3
κr
j1(κr)
]
, (65)
υtan(r) =
√
G
m(r)
r
= υ0
√
η
3
(κr)2 + (1− η) (κr) j1(κr), (66)
where υ0 =
√
Uρc/m and η = v/ρc.
The typical dependencies of ρ˜0 and υtan on distance
r are sketched in Fig. 1. The both types of rotational
curves υtan(r) are successfully applied to explain obser-
vational data of dwarf galaxies [1, 2]. However, the par-
ticle distribution at η = 0.22 does not demonstrate the
presence of the limit radius fixed by condition ρ˜0(r) = 0,
in contrast to the case η = 0. Such a restriction is as-
sumed by the Thomas–Fermi approximation; therefore,
its absence complicates the interpretation of the results.
In practice, the restrictions made in [3] are used.
Since the boson cloud has the ellipsoidal shape revealed
by equation ρ0(r, θ) = const, some macroscopic charac-
teristics can be corrected due to this fact [2, 5]. Here we
omit these considerations.
6III. THE MODIFIED GROSS–PITAEVSKII
EQUATION
Now we would like to show how additional interaction
can be brought into the system using the partition func-
tion formalism. Here we restrict ourselves to the inclusion
of a potential which simulates the rigid rotation studied
before. Technically, we change the commutation relations
for the macroscopic wave function to obtain a nontrivial
measure of path integration, which after simple manip-
ulations can be regarded as a correction to energy. In a
geometric sense, we consider a curved functional space.
Thus we postulate the deformed Poisson brackets:
{ψ(r1), ψ(r2)} = {ψ∗(r1), ψ∗(r2)} = 0,
{ψ(r1), ψ∗(r2)} = −iF (r1; ρ) δ3(r1 − r2), (67)
where F (r1; ρ) is a functional of density ρ = |ψ|2 at the
point r1 (or r2).
Using again the Madelung transformation (7), the re-
lation (67) means
{ρ(r1), φ(r2)} = F (r2; ρ) δ3(r1 − r2), (68)
that leads to redefinition φ(r) = φ˜(r)F (r; ρ), where φ˜(r)
is a canonical variable, which satisfies (68) with F = 1.
Constructing a partition function, we take (67) into
account and define
Z∗ = C
∫
DψDψ∗ J [ψ, ψ∗] exp (−βΓ0[ψ, ψ∗]), (69)
Γ0[ψ, ψ
∗] = E[ψ, ψ∗]− µN [ρ], (70)
J [ψ, ψ∗] =
∏
r∈B
F (r; ρ), (71)
where N and E are given by (4) and (6), respectively.
Applying the relation det Aˆ = exp (Tr ln Aˆ) in the case
of diagonal matrix Aˆ = ‖{ψ(r1), ψ∗(r2)}‖, we obtain the
temperature dependent contribution to energy:
E∗[ψ, ψ
∗] = E[ψ, ψ∗]− T
V
∫
B
lnF (r; ρ) dr. (72)
Since this functional depends on ρ (but not φ), we
formulate our problem by specifying the normalization
as (see (9))
Z∗ = Z−1vac
∫
Dρ exp (−β Γ∗[ψ, ψ∗]), (73)
Γ∗[ψ, ψ
∗] ≡ E∗[ψ, ψ∗]− µN [ρ]. (74)
Extremizing Γ∗[ψ, ψ
∗], δΓ∗[ψ, ψ
∗]/δρ(r) = 0, we arrive
at the modified (static) Gross–Pitaevskii equation:
U
(
1 + κ2∆−1
)
ρ(r) = µ+ T s(r), (75)
s(r) =
1
V
∫
B
1
F (r1; ρ)
δF (r1; ρ)
δρ(r)
dr1. (76)
Despite the uncertainty of the boundary radius of the
slowly rotating condensate dark matter, the obtained dis-
tribution, as we see in [2, 3], allows us to successfully
describe the rotation curves of the halo of dwarf galax-
ies. This prompts us in our heuristic approach to assume
that s(r) ∼ (r/R)2. Below we discuss the conditions im-
posed on F and the explicit, albeit hypothetical, form of
function s(r).
As argued above, we consider the case
s(r) = µ˜
〈
3
2
r
2
R2
sin2 θ − 1
〉
= µ˜
(
r2
R2
− 1
)
, (77)
where 0 ≤ µ˜ is the model parameter, regarded as the
strength of interaction; 〈(. . .)〉 means the averaging over
the angles.
Now it seems important to evaluate temperature T ,
which is substituted into (75) and replaces the expres-
sion ∼ mω2R2 in the model with rotation. Using the
characteristic scales of the BEC dark matter from [3],
one finds
µ˜T =
mω2R2
kB
= T0
(
mc2
10−17 eV
)( ω
10−16 s−1
)2( R
1 kpc
)2
, (78)
T0 ≃ 1.23 · 10−23K, kBT0 ≃ 1.06 · 10−27 eV, (79)
where we rewrote all quantities in appropriate units;
kB ≃ 8.6173 · 10−5 eV ·K−1 is the Boltzmann constant.
Thus this value is small in the absolute sense and sev-
eral tens of orders of magnitude lower than the critical
temperature of the non-interacting Bose condensate [8].
The most significant argument for us, when the form
of function s(r) is determined, is the property of the gen-
erating functional: F → 0 at N → ∞, that is, it leads
to the commuting macroscopic wave functions ψ(r) and
ψ∗(r). This is similar to replacing the quantum creation
and annihilation operators in the coordinate representa-
tion with the commuting complex numbers.
Thus the simplest form of F is
F (r; ρ) = exp
[
−λ3 ρ(r)
(
1− r
2
R2
)]
, r ≤ R, (80)∫
B
lnF (r; ρ)
dr
V
= −µ˜
(
N [ρ]− σ
2[ρ]
R2
)
, (81)
σ2[ρ] =
∫
B
r
2ρ(r) dr, µ˜ =
λ3
V
,
where λ is the correlation length assumed to be larger
than interparticle distance, λ3 ≫ V/N , for the sake of
the BEC existence. In the case of ideal boson gas the
thermal wavelength λT =
√
2pi~2/(mkBT ) can be used.
Hereafter we suppose λ is independent of thermodynamic
variables.
Therefore the solution to (75) is
ρT (r) = v˜ + (ρ˜c − v˜) j0(κr), v˜ = 6µ˜
x2
T
U
, (82)
where the central density ρ˜c is determined from (57) by
replacing µ and v with µ− µ˜ T and v˜, respectively.
7As it was expected, (82) coincides formally with (64)
and leads to the similar outcomes for the rotation
curves (66). However, thermodynamics of such a system
looks rather different.
Indeed, using the results of previous Section, when
σ2[ρ]
R2
=
√
6
∞∑
n=1
ξn 0 0
(
2 + h0 − 6h0a2
0n
)
a0n
√
a20n + h0(h0 − 1)
, (83)
the partition function for this model becomes
Z∗ = exp (−βΩµ˜), (84)
−Ωµ˜
V
=
(µ− µ˜T )2
2U
A1(x, h0) + (µ− µ˜T )v˜A2(x, h0) +
+U
v˜2
2
A3(x, h0), (85)
where Ωµ˜(T, V, µ) is the grand potential. It is assumed
again that h0 = −1.
One can verify that
−2Ωµ˜ =
∫
B
(µ+ Ts(r)) ρT (r) dr. (86)
The mean number of particles N = V ρ¯T , mean energy
E and the pressure P are determined by
ρ¯T =
µ− µ˜T
U
A1 + v˜A2, (87)
P =
(µ− µ˜T )2
2U
A1 + (µ− µ˜T )v˜A2 + U v˜
2
2
A3
=
U
2A1
[
ρ¯2T + v˜
2(A1A3 −A22)
]
, (88)
E = PV. (89)
Interestingly, (89) coincides with the same thermody-
namic relation for the non-rotating BEC at T = 0 (com-
pare (50) and (51) at v = 0) [1]. Physically, this can be
explained as follows: In the case of deformations, we con-
sider the original system, but of unusual particles. This is
confirmed by models of an ideal gas consisting of bosons
with deformed commutation relations [14].
In contrast to the model with rotation, the entropy
does not vanish here:
S =
∫
B
s(r)ρT (r) dr (90)
=
λ3
A1
[
−ρ¯T
(
A1 − 6
x2
A2
)
+ v˜
6
x2
(A1A3 −A22)
]
.(91)
It is locally determined by the function s(r) such that its
minimal value corresponds to r = 0, while it reaches a
maximum at the boundary r = R.
Since the distribution ρT (r) depends on temperature,
the functional F ≤ 1 determines the properties of the
system within certain temperature limits. To find them,
we derive that∫
B
lnF (r; ρ)
dr
V
= −λ3
[
2
5
v˜ +
6
x2
(ρ˜c − v˜)j2(x)
]
(92)
To satisfy the condition lnF ≤ 0 at x = pi, one obtains
the upper bound T1 for the temperature:
T ≤ T1 = pi
2
6C
µ
µ˜
, C = 1 +
pi2
3
− pi
4
45
≃ 2.125. (93)
Since the chemical potential potential µ represents ac-
tually the energy of gravitational interaction between a
single particle and the total galactic dark matter (53), T1
turns out to be extremely large.
Nevertheless, requiring the central density positivity
ρ˜c ≥ 0, we find a new limit at x = pi:
ρ˜c =
µ
U
(
1− T
T2
)
, T2 =
3
pi2
CT1. (94)
We see that T2 = min(T1, T2) should serve as a boundary
temperature, although the both restrictions ensure the
mean density positivity at x = pi and a fixed µ:
ρ¯T =
3µ
pi2U
(
1− T
CT1
)
> 0. (95)
The pressure at a given µ,
P =
3µ2
2pi2U
(
1− 2ξ + Cξ2) , ξ = T
CT1
, (96)
is also a positive and decreasing function of temperature
along the interval T ∈ [0, T1] and reaches a minimum at
T = T1.
IV. DISCUSSION
Since the observed characteristics of DM are mainly
local quantities in space, differential calculus is naturally
used to find them. Within the framework of the BEC
concept, when the particles under the certain conditions
are in the ground state and their number is large, the
condensate wave function in the coordinate representa-
tion is not a quantum operator, but can be considered as
an ordinary function obeying the Gross–Pitaevskii equa-
tion. In this case, the wave function squared does not
describe the probability density of single particle, but
rather the spatial distribution of particles. The applica-
bility of this approach to DM was analyzed in [1, 4] in the
Thomas–Fermi approximation, when kinetic energy can
be neglected in comparison with the interaction. From
the very beginning, it was assumed that particles un-
dergo repulsive scattering, gravitational attraction, and
the whole system can rotate slowly [4]. An analytical so-
lution to the most general and static problem is obtained
in [2], and its application for describing the DM char-
acteristics is demonstrated. An analysis of the obtained
particle distribution and an attempt to fit the observed
data are also undertaken in [3]. The very optimistic con-
sequences, as well as the lack of thermodynamic functions
in these works, stimulated us to study this model in an-
other approach based on the calculation of the partition
function.
8Despite the fact that the partition function leads to
averaged characteristics and thermodynamic functions,
we examine the Green’s functions, which are a tool for
finding local quantities. This allows us to reproduce the
known results [2] and to make a number of generaliza-
tions. First of all, we do not bind κ and R by the rela-
tion κR = pi and use x = κR as a free parameter limited
by the condition x < a0 1 ≈ 4.275. This requirement
is a consequence of our attempt to formulate in closed
form (21) the boundary conditions imposed in [2, 5]. It
seems that arbitrariness of x will not help to find the
boundary radius for a model with rotation [3]. However,
this freedom allows one to correctly calculate the parti-
tion function as a Gaussian integral and thermodynamic
functions.
One of the academic goals of the paper is to inves-
tigate the ability to describe an interaction by deform-
ing the commutation relations for the condensate wave
function. We choose rotation as such an interaction and
show that the proposed deformation (67), (80) leads to
a change in the integration measure in the expression for
partition function. Formally, one gets an effective energy
functional that depends on temperature. Its variation
with respect to the wave function gives us a modified
Gross–Pitaevskii equation. Indeed, this approach allows
one to derive a particle distribution similar to the model
with rotation, although it becomes dependent on tem-
perature. Physically, it is interesting that this type of
deformation leads to entropy which is inhomogeneous in
space. Guided by the commutativity condition (in the
terms of Poisson brackets) for the wave function and its
complex conjugate at high particle density, we provide a
minimum of entropy at the center of the system and a
maximum at the boundary. Moreover, such a deforma-
tion does not violate the ratio between the total energy
and pressure, which occurs at zero temperature [1].
Note that, in order to reproduce only rotation, the de-
formation functional F can be specified in different ways.
Here, we want it to be given locally. However, for particle
systems much smaller than galaxies, one could use
F = exp
[
−µ˜
(
N [ρ]− σ
2[ρ]
R2
)]
. (97)
As a result, we would get s(r) in the same form of (77).
Although in our examples the parameter µ˜ is assumed
to be small, we did not use any approximations. Of
course, even more possibilities appear if expansion over
µ˜ is allowed. It might be convenient for some purposes
to introduce an alternative expression,
F =
1 + (1− α)µ˜ σ2[ρ]/R2
1 + µ˜N [ρ]− αµ˜ σ2[ρ]/R2 , (98)
where 0 ≤ α ≤ 1. If σ2[ρ]/R2 → 0, we can get a system
similar to [14], where µ˜-calculus is considered.
A.N. thanks A.M. Gavrilik (BITP) for valuable sugges-
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Appendix A: Used Formulas
Here we use auxiliary formulas, based on [12, 13], with
aln such that alnj
′
l(aln) + hl jl(aln) = 0:
∫ 1
0
j0(a0nt) t
4 dt =
[
h0 + 2
a20n
− 6h0
a40n
]
j0(a0n), (A1)∫ 1
0
j2(a2nt) t
4 dt =
h2 + 2
a22n
j2(a2n), (A2)
2
∞∑
n=1
1
a2ln − x2
=
x2 − l(l + 1− hl)
hl x2
−
−x
2 + hl(hl − 1)− l(l + 1)
hlx[xj′l(x) + hljl(x)]
j′l(x), (A3)
2
∞∑
n=1
1
a2ln + hl(hl − 1)− l(l + 1)
=
1
l + hl
, (A4)
2
∞∑
n=1
1
a20n
=
2 + h0
3h0
, 2
∞∑
n=1
1
a22n
=
4 + h2
7(2 + h2)
. (A5)
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